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Let lCR,=k[X ,,..., X,](,,, ,,,,) be a radical ideal generated by monomials in 
X,, , X, (k is a field). One calls I minimal non-Cohen-Macaulay if R,/l is not Cohen- 
Macaulay, while R,/l, is Cohen-Macaulay for every proper subset S C {X,, , X,} where I, 
is the (suitably defined) restriction of I to S. 
A complete list of minimal non-Cohen-Macaulay ideals of pure height t would produce a 
simple Cohen-Macaulayness criterion for ideals of pure height t. 
This paper gives a complete list of minimal non-Cohen-Macaulay monomial ideals of pure 
height 2. In particular, it turns out there exists exactly one such ideal for every fixed n 2 4. 
As an immediate application one obtains a new Cohen-Macaulayness criterion for monomial 
ideals of pure height 2, which is simpler than Reisner’s topological criterion. 
Introduction 
In [4] Reisner gave a topological criterion for the quotient of the ring 
Rll = k[x, t . . . ? %J(x,, x2. ,x,j by a square-free monomial ideal % to be Cohen- 
Macaulay (k is a field). In this paper we would like to suggest a different 
approach to the problem, which in the case of height 2 ideals produces a simpler 
criterion. Every square-free monomial ideal !?I is the intersection of several face 
ideals, i.e. ideals of the form (xi,, xi,, . . . xi). Let S be a subset of 
{ Xl, x2,. . . 3 x,}. Denote by ?I, the restriction of 6X to S, i.e. the monomial ideal 
which is the intersection of those face ideals which contain %?I and have all their 
generators in S (this corresponds to localization at the ideal generated by all 
elements from S). The Stanley-Reisner complex of !?l, is the link of the 
complement of S inside the Stanley-Reisner complex of 3. Lemma 1.1 below 
justifies the following: 
Definition. A square-free monomial ideal ‘8 is minimal non-Cohen-Macaulay if 
R,,l% is not Cohen-Macaulay, while R,l'iY, is Cohen-Macaulay for every proper 
subset S of the set {x1, x2, . . . , x,}. 
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Assume that for every height t and dimension n we had a complete list of 
minimal non-Cohen-Macaulay ideals of R, of pure height t. Then it would be 
very easy, for a given $2, to decide whether or not R,l% is Cohen-Macaulay. 
Namely, R,/91 is Cohen-Macaulay precisely when the restriction of ‘2‘1 to every 
subset S of {x1,. . . , xn} is not minimal non-Cohen-Macaulay. In this paper we 
give a complete list of minimal non-Cohen-Macaulay ideals for t = 2. It turns out 
that in every dimension there is precisely one such ideal (up to permutation of 
indices) (Theorem 1.4). This gives a simple new Cohen-Macaulayness criterion 
for square-free monomial ideals of height 2 (Theorem 1.5). In higher heights the 
picture is more complicated and we are able to give only a few partial results 
(Theorem 1.6). The main result of this paper is from the author’s thesis [3]. 
1. Results 
Lemma 1.1. Let ‘)I be a square-free monomial ideal in R, and S a subset of 
1x1, ’ . . > x,}. Then depth R,l’2l~ depth R,l%,. 
Proof. By the Auslander-Buchsbaum theorem it is sufficient to prove that 
proj .dim R,,/% 2 proj.dim R,l%,. For any (not necessarily polynomial) local ring 
R and an ideal 91 of R generated by monomials in an R-sequence there exists an 
explicit finite free resolution of R/Y1 (due to Taylor [6]) which we denote by 
L(%). The entries of the matrices representing the differentials of L(%) are either 
equal to ?l or belong to the maximal ideal of R and depend only on the 
monomials generating ‘21, not on R. Tensoring L(%) with k, the residue field of R, 
we get a finite complex of finite-dimensional k-vector-spaces. Proj.dim R/91 
depends only on the dimensions of these vector spaces and on the dimensions of 
their images under the differentials of L(%). Since the entries of all the matrices 
representing all the differentials of L(?l) @I k are either 0 or 21, proj.dim RIBI 
depends only on the monomials generating Yl and on the characteristic of k, but 
not on R and k themselves. 
Take a minimal free resolution of R,lBI and localize it at (S), the prime ideal 
generated by all elements of S. Denote by & the image of 91 in RHcs,. Then % is 
generated by the same monomials as %?Is. Since 
proj.dim .,8,sIR,,c5j/% i proj.dim .nR,l’21 
and since the characteristics of the residue fields of R, and R,(s, are the same, 
proj.dim ..R,,lYI ~proj.dim .“R,l’)I, = proj.dim R, r,R,,cs,i’21 . 0 
, 
We need several definitions to state our results. 
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Definition 1.2. If %!I = fl (xi,, xi,) is a monomial ideal of pure height 2, then its 
associated graph is defined to be the graph on IZ vertices x1, . . . , x, such that two 
vertices xl1 and xlZ are joined by an edge if and only if (xil, xJp’%, i.e. if and 
only if (xii, xi,) does not participate in the above intersection. 
In terms of Z, the Stanley-Reisner complex of 91, an edge belongs to the 
associated graph if and only if its complement in S is not a simplex of 2. 
We denote the graph associated to !Y by T,,. For any graph T we denote by ?I, 
the ideal whose associated graph is T. For any graph T and any subset S of its 
vertices we denote by T(S) the restriction of T to S. If ‘U = ‘mT, then observe that 
91, is the ideal associated to T(S). 
Definition 1.3. For any integer n we denote by C,, the graph on n vertices 
X ,,“‘, x, represented by the regular polygon, i.e. xi, and xi, are joined by an 
edge if and only if i, - i, = +l, -1, II - 1, 1 - II. 
Theorem 1.4. Let !X be a square-free monomial ideal of pure height t = 2 in 
R,, = k[x, F . . 3 -%I(*, x )’ Then 3 is minimal non-Cohen-Macaulay if and 
only if T,, is isomorphic ;o”C, and n 2 4. 
Proof. If IZ = 3, then R,/91 is Cohen-Macaulay for every ideal ‘$1 of pure height 2. 
Thus in this case ‘2x is never minimal non-Cohen-Macaulay. 
For n = 4 Theorem 1.6 below implies that ‘21 is minimal non-Cohen-Macaulay if 
and only if the associated algebraic set defined by 91 in projective space Pi is 
disconnected. It is straightforward to check that 5?lcd is the only monomial ideal 
defining a disconnected set in Pz. We note that our proof of Theorem 1.6 does 
not use Theorem 1.4. Another (longer) way to settle the n = 4 case would be by 
analyzing all square-free monomial ideals in R,; there are 2h = 64 of them. 
We use induction on n, the case n = 4 being proven. Assume Theorem 1.4 
proven for n - 1. Let VI C R, be an ideal such that R,l%, is Cohen-Macaulay for 
all proper subsets S C {x,, . . . , x,}. We have to show that RiBI is not Cohen- 
Macaulay if and only if T,, = C, . Set L = {x, . . . , x,_, } .Then 91 = %21, f’ (x, , f ), 
where f equals the product of all x,‘s such that (x,, xi) contains 8. We have 
(X,,f)+sL= n (x,,x,,xp,xq). (1) 
(x,.x )>?X 
(xp 1 Xq)3?l, 
Since the restriction of T to {x,, xp, xq, xi} is not isomorphic to C,, either 
(x, 7 x,), or (x,, xq), or (xi, xP) or (xi, x4) must contain 9. If (x,, xi) contains $2, 
where j =p, or q, then (x,, f) + 3, is contained in (x,, x,) + (x,, x4) = 
(x,7 xp> xg) C (x,, xi, xpr xq). If (xi, xi) > Ylu,, where j = p, or q, then (x,, f) + 
IYx, is contained in (x,, x1) + (x,, x,) = (x,, xi, xi) C (x,, xi, xp, xy). This means 
that all ideals of height 4 in (1) are superfluous and can be omitted from the 
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intersection. We have 
We will frequently use the following statement which we denote by (*): 
(*) 
(xi, x,) contains !?I’ if and only if (xi, xi) contains ?I, and 
either (x,, xi) or (x,, xi) contains !?l. 
The short exact sequence 
gives a long exact sequence of local cohomology modules. R,l(x,, f) is Cohen- 
Macaulay and by hypothesis so is R,l‘%,. Therefore Hi,,(R,I%?IL) ZO and 
H{,,(R,l(x,, f)) =o ‘f . - 1 1~ n - 3 (m denotes the maximal ideal of R, and 
N;,)(M) denotes the ith local cohomology module of the module M with support 
in m). The long exact sequence implies that H’(,,(R,I%?l) s H~-,f(R,l((x,) + (21’)) 
if i 5 IZ - 3. R,l?I is not Cohen-Macaulay if and only if not all the modules 
H;,,(R,l%) (i cc n - 3) vanish. By the above isomorphism this is the same as 
saying that not all the modules Hf,,(R,l((x,) + a’)) (i I n - 4) are trivial, in 
other words, R,l((x,) + 3’) is not Cohen-Macaulay. But R,l((x,) + 8’) is not 
Cohen-Macaulay if and only if R,_,li?l’ is not Cohen-Macaulay, where R,- 1 = 
k[x, 7 . * . 9 ~,-11~*1, ,x,_l)’ 
Thus we have proven that R,I‘i?l is not Cohen-Macaulay if and only if R,_, /!?I’ 
is not Cohen-Macaulay. 
In exactly the same way one can prove, for a proper subset S C {x,, . . . , x,_~} 
that R,l‘i?l,,, is not Cohen-Macaulay if and only if R,_,l‘i?f~ is not Cohen- 
Macaulay. (O>e only has to substitute %!lSvX for ‘2X; the ideal 21S for 21L; the ideal 
$Yk for 8 and a suitable g for fin the above”argument.) By our assumption on 2l, 
for every proper subset SC {x1, . . . , x,_~} we know that R,l‘i?l)Xsuxn is Cohen- 
Macaulay, i.e. R,pl/‘i8& is Cohen-Macaulay. Thus ‘?I is minimal non-Cohen- 
Macaulay if and only if the associated graph of 5%’ is C,_, . 
Now we have to show that T,# = C,, _ 1 if and only if T,, = C, . First of all, it is 
easy to see that Vlc satisfies our assumption that its restriction to every proper 
subset is Cohen-Micaulay. Indeed, if this were not the case, then there would 
exist a minimal subset S of {x,, . . . , x,}, such that the restriction of 21cn to this 
subset is not Cohen-Macaulay and by induction hypothesis the restriction of the 
associated graph of ‘21cn to this subset would have to be Ccard S, which is 
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impossible since the restriction of C, to any proper subset S is never Ccard s. This 
shows that a, satisfies our assumption. 
It is straightforward to check that if T, = C, , then TQIz = C,_, and we now 
proceed to proving the reverse implication. Thus assume T,. = C,_, . Since 
‘?l’ > ?lL, T%, is a subgraph of T,. . It is a proper subgraph since otherwise R, / %c 
would not be Cohen-Macaulay. Therefore at least one edge of T,, , say (xi, x,_,) 
does not belong to TIuL, i.e. (xi, x,_~) 3 ?I. Then (x,, xn) p’$Y and (x,-i, xn) p’l?l, 
for otherwise by ( * ) ( x,, x,_~) would contain 8’. Therefore, T, contains the edge 
joining X, to x, and the edge joining x,_~ to x,. 
Since (x,, xi) 3 ‘2I’ (3 5 i 5 n - 2) and since (xn, x,)2%, (*) implies that 
(x,, xl) > \21 for all i between 3 and n - 2. Since (x*,x,_,) > ‘21’ and (x,, xnP1)p’ 
$21, we see that (x,, x2) > 91. Therefore T, does not contain any edges emanating 
from x, except the two joining it to x1 and x,_~. 
For any i between 1 and II - 2 either (x,, xi) > 8, or (x,, xi+i) > Vl. Therefore 
( x,, x,+,)p’ti, (15 i 5 n - 2), f or otherwise by (*) (xi, xi+r) would contain %‘. 
Therefore T contains all edges of T,, except the edge joining x1 to x,-i which 
proves that T,, is isomorphic to C,,. 0 
Theorem 1.5. If % is square-free and of pure height 2, then RI% is Cohen- 
Macaulay if and only if T,(S) is not isomorphic to Ccard s for any S C vert( T,) 
(card S 2 4). (This is an improvement over [5].) 
Proof. Assume R/91 is Cohen-Macaulay. Then by Lemma 1.1 its restriction to 
every subset S is also Cohen-Macaulay and therefore is not isomorphic to C, by 
Theorem 1.4. If RI% is not Cohen-Macaulay, then take S to be a minimum 
subset such that RI’%, is not Cohen-Macaulay. By Theorem 1.4 T,(S) is 
isomorphic to Ccard s. 0 
Theorem 1.6. Let I?l be a square-free monomial ideal of pure height n - 2 in 
R” = h[XI, . . . 2 X,1(,,, ,X,)’ Then ‘21 is minimal non-Cohen-Macaulay if and 
only if the associated algebraic set in P-’ is disconnected. 
Proof. In this situation %?l is minimal non-Cohen-Macaulay if and only if R,I% is 
not Cohen-Macaulay, i.e. proj.dim R “R,lB = n - 1. It follows from [2, Theorem 
l(iv)] that the local cohomological dimension of the associated algebraic set in 
IPi-’ equals IZ - 1. Hartshorne’s theorem [l] immediately implies that this is 
possible if and only if the algebraic set in question is disconnected. 0 
This theorem shows that for heights bigger than 2 in general there will be more 
than one minimal non-Cohen-Macaulay ideal in every dimension. In particular, 
there are exactly four non-isomorphic minimal non-Cohen-Macaulay ideals of 
height t = 3 in k[x,, x2, x3, x4, x5]. 
Still, it would be very interesting to find an answer to the following question: 
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Question. Is it true that for every height t there is a constant C(t), depending only 
on t, such that in every dimension 12 there are no more than C(t) different 
minimal non-Cohen-Macaulay ideals of height t? 
Note added in proof 
Theorem 1.6 also follows from A.V. Geramita and C.A. Weibel, On the 
Cohen-Macaulay and Buchsbaum property for unions of planes in affine space, J. 
Algebra 92 (1985) 413-445. 
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